Introduction
Flat bands [1] [2] [3] [4] [5] refer to that spectral bands are dispersion-less or nearly so and their energy spectrum ( ) are almost independent of momentum . In photonics, the realization of flat bands has been long pursued [6] for enhancing light-matter interaction with slow light [7] [8] [9] and wave localization [10, 11] , or it offers platforms for other applications such as distortion-free imaging and pulse buffering in nonlinear optics [12, 13] . Typically, flat bands are found in the Dice [1] , Lieb [3] , Kagome [14, 15] and other lattices [16, 17] due to destructive interference, where fine-tuned nearest-and next-nearest neighboring hopping parameters are the key factors. Researchers have used waveguide arrays [10, [18] [19] [20] [21] [22] [23] , dielectric/plasmonic resonators [24] [25] [26] [27] [28] [29] [30] [31] [32] and finetuned photonic crystals [33] [34] [35] to realize photonic flat bands, where high dielectric contrast or exact lattice symmetry are required. However, these mechanisms inspired by analogies with "frustrated" condensed matter systems [5, 36, 37] exhibit many limitations in the photonic regime where photonic bands usually arise from multiple coherent scattering rather than the hopping of local atomic orbits. Moreover, realization of full three dimension flat bands [38] is very challenging using such lattice arrangement.
In this letter, we demonstrate that three-dimensional (3D) flat bands can be realized using a periodic array of claw-like metallic structures. Isolated flat bands [39, 40] existing in an absolute band gap emerge in such photonic crystals, and the flat-band modes are strongly localized near the meta-atoms. Different from the previous works, the flat bands are extremely stable when lattice constant changes. In addition, we find an interesting relation between the number of claw-branches and the number of flat bands, and the relation can be understood readily when we see that the claw-like structure is a manifestation of a "complete graph" from a geometrical point of view.
Recently, geometric aspects of physics have attracted a lot of attention. In photonics, various topological photonic semimetals and insulators [41] have been theoretically proposed and experimentally verified. Their properties are characterized by integers and are stable against local perturbations. For example, the number of edge states of photonic Haldane model [42, 43] is directly related to its bulk integer Chern number defined in momentum (parameter) space [44] . Here, the real space geometry of the meta-atom generates interesting physics. We will see below that the electromagnetic response of the metallic claw structure can be described by a dynamic matrix that mimic the Laplacian matrix in complete graph theory [45] , giving rise to highly degenerate localized modes which become the flat bands when the meta-atoms form a 3D crystal. 
Results: Metallic claw structure and photonic flat bands
We start with a metallic claw structure with C 4 rotation symmetry. As shown in Fig.   1(b) , each meta-atom consists of two perpendicularly placed split ring resonators (SRRs) which touch each other on the top, forming a four-branch claw. The whole meta-crystal is formed by arranging the claw structure in a primitive 3D tetragonal lattice. In the simulation, we assume the hosting material is air and regard metallic components as perfect electric conductors (PEC), which is a good approximation in microwave, teraherz and even far-infrared bands. The CST simulated photonic band structures and density of states (DOS) [46] are shown in Fig. 1 (e, f) with the first Brillouin zone (FBZ) depicted in Fig. 1(d) . The structural parameters are given in the figure caption. There is a 3D bandgap between the second and fourth bands, inside which lies a third band that is flat throughout the 3D FBZ and has no crossing with other bulk bands. We dubbed it an isolated flat band. The isolated flat band has almost vanishing dispersion among the full 3D FBZ, while the flat bands found in many previously works are typically dispersion-less in some particular planes or along some particular directions. As the flat band lines in a gap with the width of 1.73GHz at around 25 GHz, it cannot hybridize with the dispersive states and spans an orthogonal state-space by itself.
Relationship with complete graph
The flat bands originate from a set of highly localized degenerate modes of the metaatoms. The underlying mechanism can be understood through local potential orbitals by analyzing the equivalent electric circuit consisting of capacitors and inductors (Fig.   1c) . Following Chua's circuit notation [47, 48] , the Lagrangian of the circuit reads, 
where * indicating external current has been set to 0 as our system is source-free. In the same way, one can obtain +,D,& = 0 and expressing in the matrix form, we get,
where, In order to verify those predictions, we show in Fig. 4 the evolution of the band structure as the number of branches changes. In the left inset, we show the metallic claw structures with the number of branches ranging from g = 3 to 6. These claws are arranged in a primitive tetragonal lattice to build the photonic meta-crystal. For simplicity, we also assume all claw-structures possesses j k rotation symmetry in each unit cell, although it is not compatible with the tetragonal Bravais lattice when g ≠ 4.
The orientation of the claw structure within the unit cell does not affect the existence of the flat bands. In the right column, the corresponding band structures and DOS [46] for different g are shown. We have normalized the DOS [46] within the interval of 0 to 1 to reveal the contrast between the flat bands and dipolar pass bands. In order to clearly count the number of isolated flat bands and to check more details, different line styles are used and indicated in the figure. We find that the bands will become flatter when each unit cell gets bigger (keeping the size of claw-structure the same). Therefore, the small dispersions of the flat bands originate from the weak coupling of the localized modes between neighbouring meta-atoms. However, when the lattice constant gets too big, the gap will close as the Bragg scattering of the dipolar modes becomes too weak to sustain a complete gap. In that limit, the flat bands will intersect with the dipolar band manifold and no longer exist in a clean absolute gap.
As predicated above, we observe a f = g − 3 rule for the claw structures. When g = 3, there is no flat band even though the bandgap width is larger than 1.4GHz [50] .
The DOS peak at the frequency corresponds to the lower boundary of the bandgap.
Isolated flat bands emerge when g > 3, and all are confined inside a narrow frequency window (from 24.24 GHz to 24.53 GHz for the structural parameters specified in Fig.   1 ). The number of flat bands inside the band gap increases with the number of branches in the claw, and the corresponding DOS in the flat-band frequency window grows dramatically, which can potentially facilitate applications that requires a high photonic DOS. The +I case is shown in Fig. S2(a)-(b) [49] to further illustrate this phenomena.
In particular, there are 17 flat bands in total as one can check in Fig. S2(c) [49] , confirming again the f = g − 3 rule.
A unique feature of the metallic claw design, as the realization of a complete graph, is that the dimension of flat-band set depends on the number of branches and as such, we can arbitrarily enlarge the flat-band sub-space without shifting their operating frequency. As the spectral property of a complete graph is mainly determined by geometry and connectivity, the structural details of the meta-atoms are unimportant, and hence the flat bands and the related phenomena are robust even if the real samples deviate from the theoretical design (Fig. S3, [49] ). On the other hand, their very high DOS and the high Q-factors of the high order orbitals render these complete-graphinspired systems sensitive to environmental external fields, making them good platforms for information sensing.
Conclusion
In conclusion, we have designed claw-like metallic meta-atoms inspired by complete graph theory. We investigated photonic crystals composing of these meta-atoms and found isolated flat bands confined in a narrow frequency window. Different from previous works based on lattice geometry, the flat-band mode is insensitive to structural and lattice parameter perturbations. We found a simple relation governing the number of flat bands ( f ), which can easily be understood by mapping to the corresponding weighted complete graph. The highly degenerate flat bands and the associated high 
